How is transversity related to helicity 
for quarks and antiquarks inside the proton? 
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Abstract 

We consider the quark and antiquark transversity distributions inside a po- 
larized proton and we study how they are expected to be related to the cor- 
responding helicity distributions, both in sign and magnitude. Our consider- 
ations lead to simple predictions in good agreement with their first determi- 
nation for light quarks from experimental data. We also give our predictions 
for the light antiquarks transversity distributions, so far unknown. 
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Our understanding of the proton spin structure has greatly improved over 
the last twenty years or so due, on the one hand, to significant progress on 
the theoretical side and on the other hand, to several dedicated experiments 
at CERN, DESY, JLab and SLAG on polarized deep inelastic scattering 
(DIS). More recently, the advent of the polarized pp collider at RHIC-BNL 
has opened up a new era for a better knowledge of the proton spin structure 
and also for testing the spin sector of perturbative QCD. 
The main source of information on the internal proton structure lies in the 
parton distributions. If A{x) denotes the quark distribution in a proton, 
as a density matrix in both the quark and proton spin, it will be expressed 
in terms of direct products of two Pauli matrices cTj and the unit matrix /. 
Then, by choosing the z-axis along the proton momentum, the and 
l/-axis normal to it, A{x) reads 

A{x) = q{x)I ® / — Aq{x)az ® a^ — 5q{x){ax ® Oy + Oy® a^) , (1) 

where q{x) is the unpolarized distribution, whereas for the polarized distri- 
butions, one must distinguish helicity distributions inside a longitudinally 
polarized proton, denoted for quarks by Ag(x) and transversity distributions 
inside a transversely polarized proton, denoted by 5q{x). These last two dis- 
tributions are required for a complete description of the quark spin in the 
proton at leading twist. 

The vast programme of unpolarized DIS data taking at HERA has led to 
a rather precise determination of the quark (g), antiquark (g) and gluon {G) 
unpolarized distributions, which is very relevant to study hadronic processes 
at LHC-CERN pj. The helicity distributions have been determined so far, 
with a reasonable precision level, because they can be directly extracted 
from polarized DIS but this is not the case for the transversity distributions, 
which are not easily accessible, being chiral odd, they decouple from DIS [2] . 
However, there is a strong bound on transversity, resulting from positivity 
and derived a few years ago [3]; it involves helicity and reads 



for quarks and similarly for antiquarks, which is obviously more severe for 
negative quark helicity distributions. 

Let us first examine some arguments to appreciate the relevance of this pos- 
itivity constraint 0. In the non-relativistic limit, transversity and helicity 

-'^For a recent review on positivity constraints for spin observables see Ref. |4]. 
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coincide indeed, that is 



6q{x) = Aq{x) , 



(3) 



so the bound is trivially fullfilled, provided Aq{x) > 0. On the contrary if 
Aq{x) < 0, the bound implies 



This simple remark is stressing the importance of the sign of Aq{x) and we 
now turn to review what is known about this sign, for the different flavor 
quarks and antiquarks. Concerning the light quarks helicity distibutions, it 
is well established that, Au{x) > and Ad{x) < 0, and according to some 
very accurate JLab data [S], the ratio Ad{x)/d{x) is close to -1/3 at x = 0.6, 
with a possible violation of Eq. H, which leads to a contradiction with the 
assumption Eq. Q. This trend has been correctly predicted by our quan- 
tum statistical approach for unpolarized and polarized parton distributions 
[7], where the non-diffractive part, the only one contributing to helicity dis- 
tributions, is given by Fermi-Dirac functions, namely the first term in the 
r.h.s of Eq. (14) of |7] for quarks and the first term of the r.h.s of Eq. (15) for 
antiquarks. The parton distributions determined in |71| have been success- 
fully compared with new experimental results in [HI [9]. Concerning the light 
antiquark helicity distributions, the statistical approach imposes a strong re- 
lationship to the corresponding quark helicity distributions. In particular, 
it predicts Au{x) > and Ad{x) < 0, with almost the same magnitude, in 
contrast with the simplifying assumption Au{x) = Ad{x), often adopted in 
the literature. The COMPASS experiment at CERN has measured the va- 
lence quark helicity distributions, defined as Aqy{x) = Aq{x) —Aq{x). These 
recent results displayed in Fig. 1 are compared to our prediction and the data 
give Au{x) + Ad{x) ~ 0, which implies either small or opposite values for 
Au{x) and Ad{x). Indeed Au{x) > and Ad{x) < are predicted both by 
the chiral quark soliton model (CQSM) [II]-[I3] and the statistical approach 
[7] and it leads to a positive contribution of the sea to the Bjorken sum rule 



Although strange quarks and antiquarks s and s play a fundamental role in 
the nucleon structure, they are much less known than the parton distribu- 
tions for the light quarks u and d. For completeness, let us just mention that 
we have extended the statistical approach to this case and we have found that 

^It is interesting to note that in Ref. 6], one argues that > Ad{x)/d{x) > —1/3 for 
all X, based on general properties of a three quark bound state obeying the Pauli principle. 



Aq{x)/q{x) > -1/3 . 



(4) 
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As{x) and As{x) are both negative for all x values Negative values are 
also predicted by the flavor SU(3) CQSM [T5], with the magnitude of As(x) 
much smaller than that of As{x). The conclusion on recent COMPASS data 
[T7j is that As{x) is nearly zero or slightly negative depending on the choice 
of the kaon fragmentation functions. 

So to summarize this discussion about the sign of the quark and antiquark 
helicity distributions, it seems clear that Au{x) > and Ad{x) < 0, whereas 
for the remaining ones the sign is not yet firmly established which requires a 
more elaborate future experimental investigation. 

Let us now recall that, by studying the effects due to the Melosh-Wigner 
rotation [THl [12] , an approximate relation between transversity and helicity 
distributions was derived, namely 

AqRF{x) + Aq{x) = 26q{x) , (5) 

where AqRp{x) measures the quark constituent spin in the proton rest frame, 
which differs from Aq{x) due to the Melosh-Wigner rotation. It looks similar 
to Eq. ([2]) and it is compatible with it, when Aq{x) > 0, since q{x) > 
AqiiF{x). One can make another interesting remark to stress the difference 
between w-quarks and cZ-quarks. By considering the first moments, according 
to SU(6), one has 

Aurf = 4/3 and Adnp = -1/3 , (6) 

whereas the first moments at = are 

Au = 2F and Ad = F - D , (7) 

where F and D are the two parameters introduced by Cabibbo in his famous 
work on the weak current of the hadrons [20], whose values are F = 0.464 
and D = 0.787. Therefore 

Au < Aurf and Ad ~ AdRF . (8) 

This is reasonable, since the Melosh-Wigner rotation depends on the trans- 
verse momentum of the quarks, which is expected, in the framework of the 
quantum statistical approach, to be larger for the w-quarks than for the d- 
quarks. This is due to the fact that the w-quark distribution, which has the 
largest first moment, occupies broader regions of the phase-space both in the 
longitudinal and transverse directions [2T] . 
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So by taking Ad{x) ~ AdRpi^) and by using Eq. for the d-quark, which 
gives Ad{x) ~ 6d{x), we see that the positivity bound Eq. ([2]) imphes again 
Ad{x)/d{x) > — 1/3. So we have some evidence that the assumption Eq. ([3]) 
combined with the Jlab data [5] might lead to a violation of the positivity 
bound for the (i-quark and we propose to assume instead 

6q{x) = KAq{x) , (9) 

where k is a normalization factor which will be taken at the largest value, in 
such a way that the positivity bound is satisfied for the d-quark. By using the 
statistical distributions [9], we show in Fig. 2 the resulting quark transver- 
sity distributions for = 2.4GeV^, where we took k = 0.6, for u and d 
flavors, together with the positivity bounds. Although this value of k, was 
chosen to satisfy positivity for the ci-quark, for simplicity, the same value was 
kept for the u-quark. In Ref. [22], the first extraction of the u- and c?-quark 
transversity distributions had been obtained, by a combined global analysis 
of the azimuthal asymmetries in semi-inclusive polarized DIS measured by 
HERMES at DESY and COMPASS at CERN and those in e+e" ^ /ii/iaX 
unpolarized processes by the Belle Collaboration at KEK. The agreement 
between these experimental results and the curves displayed in Fig. 2 
is rather satisfactory, within the uncertainties. One should note that since 
K < 1, at least at low Q^, transversity is sma//er than helicity, in agreement 
with Ref. [22] , but in contrast with the results of Ref. [IH] , which was predict- 
ing transversity larger than helicity. Moreover, in Ref. [Kj the signs of the 
quark transversity distributions is correctly predicted, but the magnitudes 
are far too large. A comparative analysis of transversity and helicity was also 
presented in a more recent work [23], with some predictions from the CQSM, 
and although the (i-quark transversity distribution has the correct sign and 
magnitude, it is definitely too large for the corresponding w-quark. 
Another relevant point, not yet mentioned so far, concerns the evolution 
because it is important to take into account the different evolution of 
the transversity and helicity distributions as discussed recently in Ref. [21]. 
In particular, one should remember that the scale dependence of the tensor 
charges is fairly strong in sharp contrast to the case of the axial charges. This 
means that the simplifying assumption Eq. iQ at the initial scale, becomes 
an approximation at higher scales, an obvious limitation for very accurate 
predictions, because k should depend on Q^. 

For completeness, by using Eq. iQ for antiquarks, we also give the resulting 
transversity distributions displayed on Fig. 3, which have the same signs as 
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the quark transversity distributions and satisfy positivity. As direct con- 
sequence of this, the double transverse spin asymmetry A^t, for Drell-Yan 
muon pair production is expected to be positive, for pp colhsions as well as 
for pp collisions. We show in Fig. 4 the expected asymmetries at RHIC-BNL 
for pp and at the new FAIR accelerator complex at Darmstadt for pp, where 
there are speculations for producing a polarized p beam pSj- In both cases 
the asymmetry increases with larger M. Clearly we expect the corresponding 
double helicity asymmetry All to be larger as already pointed out in several 
other cases [26], a theoretical observation which must be carefully checked 
by experiments. 

Finally, it is interesting to remark that, at least at low Q^, the quark transver- 
sity and helicity distributions have rather similar shapes, which was not nec- 
essarily anticipated. Our knowledge on the transversity distributions is at the 
earlier stage and we look forward to precise data, to improve this important 
aspect of the proton spin structure. 



6 



References 

[1] M. Dittmar et al, arXiv:0901.2504l [hep-ph]. 

[2] For an excellent review on transverse polarization see, V. Barone, A. 
Drago and Ph. Ratcliffe, Pliys. Reports 359, 1 (2002). 

[3] J. Soffer, Phys. Rev. Lett. 74, 1292 (1995). 

[4] X. Artru, M. Elchikh, J.M. Richard, J. Soffer and O. Teryaev, Phys. 
Reports 470, 1 (2009). 

[5] X. Zheng et al, Phys. Rev. C 70, 065207 (2004). 

[6] J. Franklin, Phys. Lett. B 587, 211 (2004); B 599, 347 (E) (2004). 

[7] C. Bourrely, F. Buccella and J. Soffer, Eur. Phys. J. C 23, 487 (2002). 

[8] C. Bourrely, F. Buccella and J. Soffer, Mod. Phys. Lett. A 18, 771 
(2003). 

[9] C. Bourrely, F. Buccella and J. Soffer, Eur. Phys. J. C 41, 327 (2005). 

[10] M. Alekseev et al, COMPASS Collaboration, Phys. Lett. B 660, 458 
(2008). 

[11] D.I. Diakonov, V.Yu. Petrov, P.V. Pobyhtsa, M.V. Polyakov, and C. 
Weiss, Phys. Rev. D 56, 4069 (1997). 

[12] M. Wakamatsu and T. Kubota, Phys. Rev. D 60, 034020 (1999). 

[13] B. Dressier, K. Goeke, M.V. Polyakov, C. Weiss, Eur. Phys. J. C 14, 
147 (2000). 

[14] J.D. Bjorken, Phys. Rev. D 1, 1376 (1970). 

[15] M. Wakamatsu, Phys. Rev. D 67, 034005 (2003). 

[16] C. Bourrely, F. Buccella and J. Soffer, Phys. Lett. B 648, 39 (2007). 

[17] R. Windmolders (on behalf of the COMPASS Collaboration), Proceed- 
ings of the XVIIIth Symposium on Spin Physics, Charlottesville (Vir- 
ginia, USA) October 2008 arXiv:0901.3690. [hep-ex]. 

7 



[18' 
[19 
[20 
[21 

[22 

[23 
[24 
[25; 



I. Schmidt and J. Soffer, Phys. Lett. B 407, 331 (1997). 

B. -Q. Ma, I. Schmidt and J. Soffer, Phys. Lett. B 441, 461 (1998). 
N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963). 

C. Bourrely, F. Buccella and J. Soffer, Mod. Phys. Lett. A 21, 143 
(2006). 

M. Anselmino et ai, submitted to NucL Phys. Proc. SuppL 
larXiv:0812.4366l [hep-ph]. 

M. Walcamatsu, Phys. Lett. B 653, 398 (2007). 

M. Wakamatsu, Phys. Rev. D 79, 014033 (2009). 

P. Lenisa and F. Rathmann, PAX Collaboration, arXiv:0505054 [hep- 
exl. 



[26] J. Soffer, in Proceedings of the '"DUBNA SPIN-07 Workshop'", Dubna 
03-07/09/2007, p.l66, Eds. A.V. Efremov and S.V. Goloskokov. 



8 




Figure 1: The valence quark helicity distributions, versus x and evolved at 
g2 = lOGeV^ The sohd curve is the prediction of the statistical approach 
and the data points come from Ref. (TU]. 



9 




Figure 2: The resulting quark transversity distributions for u and d flavors, as 
a function oix for = 2.4GeV^. The dashed lines are the positivity bounds 
and the shaded areas are the uncertainties bands obtained in Ref. j22| . 
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Figure 3: The resulting antiquark transversity distributions for u and d fla- 
vors, as a function of x for Q'^ — 2.4GeV^. The dashed hues are the positivity 
bounds. 
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Figure 4: The predicted double transverse spin asymmetry for Drell-Yan 
muon pair production at zero rapidity, versus the muon pair mass M. Upper 
part for pp coUisions at RHIC-BNL. Lower part for pp coUisions at FAIR 
Darmstadt. 
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